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ABSTRACT: Affine Toda field theories with a purely transmitting integrable defect are
considered and the model based on as is analysed in detail. After providing a complete
characterization of the problem in a classical framework, a suitable quantum transmission
matrix, able to describe the interaction between an integrable defect and solitons, is found.
Two independent paths are taken to reach the result. One is an investigation of the triangle
equations using the S-matrix for the imaginary coupling bulk affine Toda field theories
proposed by Hollowood, and the other uses a functional integral approach together with
a bootstrap procedure. Evidence to support the results is collected in various ways: for
instance, through the calculation of the transmission factors for the lightest breathers.
While previous discoveries within the sine-Gordon model motivated this study, there are
several new phenomena displayed in the as model including intriguing disparities between
the classical and the quantum pictures. For example, in the quantum framework, for a
specific range of the coupling constant that excludes a neighbourhood of the classical limit,
there is an unstable bound state.
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1. Introduction

More than a decade ago, Delfino, Mussardo and Simonetti [[I]] kindled interest in examining
defects in integrable quantum field theories and since then some progress has been made
in various directions although there remain many open problems. It is not the purpose of
this article to review all the subsequent developments but a few remarks are in order. The
field theories to be discussed in this paper are non-conformal and describe when quantised
a collection of massive particles. Within a free massive field theory a defect, for example a
defect (or impurity) of d-function type, will be accompanied by both transmission and re-
flection, and perhaps extra bound states specifically associated with the defect. However,
at least at a classical level, a §-function defect within a nonlinear integrable model will
destroy integrability. Also within a quantum field theory containing a defect, the algebraic
constraints to be satisfied by the bulk S-matrix, and the reflection and transmission factors,
as described in [il, @] are extremely stringent, and may only be satisfied with non-zero re-
flection and transmission provided the bulk S-matrix is a constant independent of rapidity.
Later on, an alternative scheme was developed by Mintchev, Ragoucy and Sorba [[], by



requiring the reflection and transmission matrices to satisfy a different algebra. Within
this scheme the S-matrix need not be trivial in the presence of non-zero reflection and
transmission. For particular quantum field theories - such as the sine-Gordon model, or
more generally any of the affine Toda field theories - with a §-function defect, it remains
to be seen which of these schemes, if indeed either of them, might turn out to be correct.

On the other hand, one might ask a different question and explore defects that are
known to be integrable within the classical field theory, meaning that they do not destroy
classical integrability, and subsequently study their role within the corresponding quantum
field theory. This was the approach taken in [f] and then applied to a subset of the
affine Toda field theories in [§]. For nonlinear models, integrable defects, such as those
described in [[], require discontinuities in the fields at the location of a defect (rather than
discontinuities in their derivatives, which would be typical of a §-function discontinuity in a
nonlinear wave-equation), with specified defect conditions relating the fields on either side
of the defect. For this reason, they are sometimes called ‘jump’-defects to emphasise the
fact the fields are themselves discontinuous. Interestingly, the defect conditions turn out to
be reminiscent of Backlund transformations ‘frozen’ at the site of the defect. For a recent
treatment of these defects and extensions to other models see [, [f]. Typically, these defects
are purely transmitting from a classical point of view and, for example in the sine-Gordon
model, solitons will pass through the defect - though not unscathed; generally they will be
delayed and might, depending on the precise circumstances, be converted to an antisoliton,
or be absorbed. Integrable defects studied so far also explicitly break some or all of the
discrete symmetries usually enjoyed by the bulk theories, the main examples being parity
and time-reversal. This fact implies that solitons travelling from z < 0 towards x > 0
(‘left to right’) will be affected by the defect in a different manner to those travelling in
the opposite direction.

In a recent article [f], devoted to integrable, purely transmitting defects within the
sine-Gordon model, it was shown how the classical defects, introduced in [ff], may be in-
corporated within the associated quantum field theory. In particular, it was demonstrated
how the transmission matrix discovered originally by Konik and LeClair [fJ] naturally de-
scribes the behaviour of solitons passing through a defect, with the quantum versions of
the soliton-defect scattering properties matching very closely the classical features. More
precisely, there are two transmission matrices, one of them labelled by even integers and the
other labelled by odd integers. Alternatively, these may be described equivalently by the
roots and weights of a;: one of the transmission matrices (with even labels) being labelled
naturally by roots (or integer spin weights), the other being labelled by the weights of the
other representations (those of half odd integer spin). It is natural to regard the transmis-
sion matrix labeled by roots as being unitary (since the sine-Gordon model is a unitary
quantum field theory), but then the transmission matrix labelled by the other weights turns
out not to be unitary. In fact, the states corresponding to the defects described by the latter
are unstable soliton-defect bound states. The appearance in this context of unstable states
is an interesting new feature of the sine-Gordon model. It was also shown how it is possible
consistently to allow the classical defects to move and scatter among themselves. Yet, it
remains to be seen how this feature will be realised in the quantum field theory. Finally,



although convincing non-perturbative arguments were provided for the soliton transmis-
sion matrices described in [f], it was also shown that breather transmission matrices are
particularly simple and are, at least in principle, amenable to perturbative calculations.

It is natural to ask if any of these features of integrable defects will emerge in the
imaginary coupling quantum affine Toda field theories based on data associated with other
algebras. The sine-Gordon model is the only unitary model within this class of quantum
field theories and yet it was pointed out by Hollowood [[[(] that the classical complex
solitons found within a general affine Toda field theory have real energy and momentum,
and moreover their scattering might be described by non-unitary S-matrices satisfying
bootstrap and crossing relations [L1]. An assumption made by Hollowood concerned the
spectrum of quantum solitons: these are supposed to be multiplets corresponding to the
fundamental representations of the Lie algebra whose data is used to define a particular
affine Toda field theory (for early references, see [[J]). However, a curious feature of the
associated classical field theory is that, apart from the models based on a; and a3, the
spectrum of classical static solitons is actually different and, in almost all cases, most of
the solutions that should have topological charges corresponding to weights within a funda-
mental representation are actually missing; as has been noted by McGhee [[J]. Alternative
methods of constructing solutions [[4] have not so far revealed the absentees. Presumably,
the extra states in these quantum models are dynamically generated although no detailed
mechanism has been proposed to achieve this. It is tempting to speculate that defects may
have something to do with the story and this idea has provided a partial motivation for
this paper.

2. Jump-defects in the classical a, affine Toda field theories

This article will focus on a subset of affine Toda field theories, namely those associated with
the root data of the Lie algebras a,, and in particular of as. Apart from having the most
symmetrical root/weight systems, these are the models for which classically integrable
defects have been described in detail, whose complex solitons are easy to describe, and
whose full set of S-matrices are relatively easy to calculate using the bootstrap.

In the bulk, —oo < x < 00, an affine Toda field theory corresponding to the root data
of the Lie algebra a, is described conveniently by the Lagrangian density

1 m? < ”
c= L0000 105 (o, o)
=0
where m and (3 are constants, and r is the rank of the algebra. The vectors o; with
j =1,...,r are simple roots (with the convention |a;|* = 2), and ap is the lowest root,
defined by
s
Q) = — Z Qy.
j=1
The field ¢ = (¢1, @2, ..., @) takes values in the r-dimensional Euclidean space spanned

by the simple roots {c;}. The extra root ag distinguishes between the massive affine and



the massless non-affine Toda field theories. The massive affine theories are integrable,
possessing infinitely many conserved charges, a Lax pair representation, and many other
interesting properties, both classically and in the quantum domain. The simplest choice
(r = 1) coincides with the sinh-Gordon model. For further details concerning the affine
Toda field theories, see [[3, [§] and the review [L], where further references can be found.

After quantisation, provided the coupling constant (3 is real, and the fields are restricted
to be real, the a, affine Toda field theory describes r interacting scalars, also known as
fundamental Toda particles, whose classical mass parameters are given by

Ta

ma:2msin(7), a=12...,r (2.2)

where h = r 4+ 1 is the Coxeter number of the algebra. On the other hand, if the fields
are permitted to be complex each affine Toda field theory possesses classical ‘soliton’ so-
lutions [I]. Conventionally, complex affine Toda field theories are described by the La-
grangian density (R.1) in which the coupling constant f3 is replaced with i3. Once complex
fields are allowed it is clear that the potential appearing in the Lagrangian density (R.1)
vanishes whenever the field ¢ is constant and equal to

2
»= ﬂTw with «a;-weZ, ie weAw(ar), (2.3)

where Ay (a,) is the weight lattice of the Lie algebra a,. These constant field configurations
have zero energy and correspond to stationary points of the affine Toda potential. Soliton
solutions smoothly interpolate between these vacuum configurations as x runs from —oo to
oo. It is natural to define the ‘topological charges’ characterizing such solutions as follows:

5o 5
Q=g | 000 =7 [oloe.t) — o=, 24

and these lie in the weight lattice Ay (a,). Assuming ¢(—o0,t) = 0, static solitons may be
found for which ¢(co,t) lies in a subset of the weight lattice. In particular, there are static
solutions corresponding to weights within each of the representations with highest weight
Wq, a=1,...,r, satisfying

Q;  Wq = 0iq, t,a=1,... 1. (2.5)

Explicitly boosted solutions of this type that correspond to the representation labelled by
a have the form
m?2i

T
3 Z a;ln (1 + E, w“j) . B, = et battla o, = G2mi/h (2.6)

Jj=0

¢(a) _

where (aq, by) = mg (cosh 6,sinh 0), &, is a complex parameter, and 6 is the soliton rapidity.
Despite the solutions (R.6) being complex, Hollowood [[(J] showed their total energy and
momentum is actually real and requires masses for static single solitons proportional to
the mass parameters of the real scalar theory. These are given by

2hmy,

Ma: 62 )

a=1,2...,r (2.7)



Moreover, for each a = 1,...,7 there are several solitons whose topological charges lie in
the set of weights of the fundamental ' representation of a, 3. However, apart from
the two extreme cases, a = 1 and a = r, not every weight belonging to one of the other
representations corresponds to a static soliton. The number of possible charges for the
representation with label a is exactly equal to the greatest common divisor of a and h,
the relevant weights being orbits of the Coxeter element, and explicit expressions for them
may be found in [[[J]. The parameter &, is almost arbitrary but clearly has to be chosen
so that there are no singularities in the solution as x, ¢ vary; shifting £, by 2mia/h changes
the topological charge. For the two extreme representations (with a = 1 or a = ), it is
clear repeated use of this translation processes the charges through the full set of weights.

The affine Toda field theories (R.) based on a, generalize the sinh-Gordon model and
the primary purpose of this article is to extend the techniques and results of recent work
devoted to the sine-Gordon model [§] to investigate the manner in which an integrable
discontinuity, or ‘jump’ defect, can be accommodated within the quantum field theory
associated with a more general class of field theories. From a purely classical perspective,
the defects have been described before [f]. However, for completeness the main features
will be reviewed here together with some additional observations.

There are several types of integrable defect for a, affine Toda field theory and the
distinctions between them are explained in [f]. To maintain clarity, most of the calculations
will relate to a specific choice of defect with comments on the other possiblities relegated
to the last section. Bearing this in mind, a single defect located at x = 0 may be described

by the following modified Lagrangian density

L= 00 0000y + 6(0) (5(6 - Okt DO—016 - D1+ BO) Bl )
2

(2.8)
where F is an antisymmetric matrix, D =1 — E,
Ly== ,@ " + Z ehoid 1), (2.9)
and
B— ) Z <U eipos DDz 4 L giso; <¢w>/2> ' (2.10)

Here, ¢ and v are the fields on the left and on the right of the defect, respectively, and o
is the defect parameter. The matrix D satisfies the following constraints

2 k=7,
ar - Daj =<{ —2 k = 7(j), D+ DT =2, (2.11)
0 otherwise,

where 7(7) indicates a permutation of the simple roots. Choosing the ‘clockwise’ cyclic

permutation,

Qr(j) = j—1, J=1,...,7,  ago) = o,



the set of constraints (R.11]) is satisfied by the choice,

T
D=2 w, (we — way1)", (2.12)
a=1
where the vectors w,, a =1,...,r are the fundamental highest weights of the Lie algebra

ar, with the added convention wg = w41 = 0. Note, the ‘anticlockwise’ cyclic permutation
used in [H] is effected by substituting the matrix (R.13) by its transpose.

Given the modified Lagrangian density (R.§) the corresponding equations of motion
and defect conditions are, respectively,

2. T ]
9?p = me Z a; et <0,
j=0
22' r )
O = 5 > gt g0, (2.13)
7=0
Ovp — EOp — DOpp + 9,8 =0 x =0,
) — DTOyp + Edpp —0yB=0 z=0. (2.14)

There are several basic properties of (R.14) that are worth noting. Shifting the fields
¢, ¥ by roots yields another solution with the same energy and momentum. This is because
both the bulk and defect potentials are invariant under the translations

¢— ¢+2nr/B, W —Y+27ws/0, (2.15)

where r, s are any two elements of the root lattice. In particular, constant fields

(¢,9) = 2m(r,)/ 3 (2.16)

all have the same energy and momentum despite having a discontinuity at the location of
the defect. Writing 0 = e~ ", the energy-momentum of each of these configurations is

2hm .
(&0, Po) = —F(COSh n, —sinhn). (2.17)
Other constant configurations are possible and, because of the invariance under translations
by roots, it is enough to consider configurations (¢,v) = 2w (wp, wy)/ B, where wy, w, are

fundamental highest weights. These are the other possible constant solutions to (R.14),
with energy-momentum given by

2h 2ami 2ami
(Sa,Pa):—B—gn {cosh <n+ ahm>,—sinh <77+ a}zm)]’ a=((p—q) pg=1,...,r
(2.18)

It is perhaps surprising there is a conserved momentum associated with the defect. How-

ever, that this should be so was pointed out in [[], and the expressions given there have
been used to calculate the above. The expressions in (R.1§) are complex, and that is not
in itself a surprise, yet all liec on the same mass shell as (R.17), which is perhaps more

surprising.



The essential step in calculating (R.1§) relies on the fact that the fundamental weights
satisfy:
wj - wpy = C';pl, where a; - o, = Cp,
the latter being the Cartan matrix for a, (see [ for some details concerning roots and
weights). Note, by using (R.11)),
1

iaj-pr: (wj - wp) — (w1 -wp), j=0,...,m

and the explicit form of the inverse Cartan matrix,

T r—1 r—2 ... 1
r—12(r—1)2(r—2)... 2
1l r—=22(r—2)3(r—2)... 3

clt==2
h e ’
1 2 3 r
a direct calculation reveals
1 a . 1 h—p) .

independently of the label j. Similarly, (o; - DTw,)/2 can be calculated.

The system described by the Lagrangian density (R.§) is neither invariant under parity
nor under time reversal. By convention, a soliton with positive rapidity will travel from
the left to the right and, at some time, it will meet the defect located at = 0. The soliton
1) emerging on the right will be similar to ¢, but delayed. It is described by,

2. T
@) = %Zaj In (14 24 Byw®). (2.19)
7=0
The expression for the delay z, was derived in [E] for the ‘anticlockwise’ permutation. To
obtain the delay for the present situation it is enough to send the a'" soliton to the (h—a)™
soliton in the formula appearing in [§]. Therefore the delay is given by

—(0—m) i e~
= <e rre ) 'ya:%a. (2.20)

e—(0-n) 1 jeiva

The delay is generally complex with exceptions being self-conjugate solitons, corresponding
to a = h/2 (with r odd), for which the delay is real. In such cases, the delay is equal to
the delay found for the sine-Gordon model [f:

1+e0-n 0—n
Note also that the delays experienced by a soliton, labelled a, and its associated antisoliton,

labelled @ = h — a, are complex conjugates since zz; = Z,. For this reason, solitons and

antisolitons are expected to behave differently as they pass a defect.



The argument of the phase of the delay (2.20) is given by

sin 2+,
0= 4 cos2v, )’

tan(arg zq) = — ( Y (2.22)
e

implying that the phase shift produced by the defect can vary between zero (as § — —o0)
and —2v, (as # — o0), decreasing if necessary through —m/2 if cos2y, < 0. On the
other hand, the boundaries between the different topological charge sectors in terms of the
imaginary part of &, (eq(R.6)) are separated by exactly 2v,. This means that a soliton
might convert to one of the adjacent solitons as it passes the defect provided argz, is
sufficiently large. In effect, the defect imposes a rather severe selection rule on the possible
topological charges of the emerging soliton. In the quantised theory, it is expected that
either the transition matrix has zeroes to reflect this selection rule, or severely suppressed
matrix elements to represent tunnelling between classically disconnected configurations. In
the sine-Gordon model such an effect would not be noticed because the basic representation
includes just two states and transitions between them are always permitted.

The delay (R.20) diverges when
T 2a
= — | 1—-— 2.2
o=+ (1-5), (2.93)

and, with the exception of self-conjugate solitons having a = h/2 (including the sine-Gordon
model where (a,h) = (1,2)), this implies a soliton with real rapidity cannot be absorbed
by a defect. For the sine-Gordon model it was noted already that a classical defect can
absorb a soliton and, within the quantum theory, this phenomenon implies the existence
of unstable bound states. Once the affine Toda field theories are quantised, however, poles
in locations given by (2.23) may correspond to additional states that possess no classical
counterpart. The positions of the poles are expected to depend on the coupling and it
might be the case that there is a range of couplings for which a bound state exists without
the range including the classical limit. It is this fact that suggests that defects may be part
of the explanation for the missing solitons in the classical models. It will be demonstrated
later that a phenomenon rather like this does actually occur in the as model.

More generally, the delay (R.2() satisfies a classical bootstrap in the sense that when
two particles a, b in the real quantum field theory have a bound state ¢ the corresponding
pole in their S-matrix will occur at rapidities

0, = 0. — iU}

ac’

0y = 0. + UL, (2.24)
and the corresponding delays (2.20) in the complex classical theory satisfy
2(0 — iUL.) (0 + iUL) = za(8). (2.25)

This is not difficult to check directly using the a, coupling data [[L].

All these observations, and the experience gained with the sine-Gordon model, suggest
the investigation of the corresponding quantum theory should be interesting even in the
next simplest as model.



3. The fundamental S-matrices for the a, affine Toda field theories

The S-matrices describing the scattering of solitons in the a, affine Toda field theory were
conjectured by Hollowood [[L1]. Hollowood’s proposal makes use of the R-matrices of the
quantum group Ug(a,), specifically the trigonometric solutions of the Yang-Baxter equa-
tion (YBE) initially found by Jimbo [[§ (and references therein). The basic assumption
asserts that the particles of the a, affine Toda field theory lie in the r different multiplets
corresponding to the r fundamental representations of Uy(a,). The S-matrix S @ describing
the scattering of two particles with rapidities 6; and 65, lying in the multiplets a and b,
respectively, is an interwining map on the two representation spaces V, and V. In other

words,

Sab(em) VeV = V@V, o = (91 - 62)7 (31)

and S has the following form
S (612) = p™(612) R™(612), (3.2)

where R? is a U,(a,) R-matrix and p® is a scalar function determined by the require-
ments of ‘unitarity’, crossing symmetry, analyticity and consistency relations (bootstrap
constraints), which a scattering matrix must satisfy [IT].

For the purposes of the present article, explicit expressions for the S-matrices are
needed. In particular, for the a, affine Toda field theory the explicit expression of the
S-matrix describing the scattering of the solitons in the first representation, namely the
matrix S also referred to as the fundamental scattering matrix, will be provided in this
section.

The representation space Vi of the first multiplet has dimension h and its states are
the solitons A]l-7 j=1,...,h. The weights of this representation are conveniently described

by [[1]

| S N
lj lj:z h Oél—ZOél, j=1,...,h. (3.3)
=1

=1

The elements of S'' can be described conveniently using the non-commutative
Faddeev-Zamolodchikov algebra. Consider Ajl- (j = 1,...,h) to be generators of such
an algebra. Then, the non-zero elements of S'' represent the following relations pro-
cesses [T, Q] for 5,k =1,...,h and 612 > 0

Aj(01) A} (02) = S™ 72 (012) AJ(02) A} (601),

AJ(01)AL(02) = S™ 5 (012) AL (02) AF(01) + ™7 (012) AY(02)AL(61), G # K, (3.4)



with

1(012) (quia —q* $f21) )
Y(012) (212 —275), k#J,

2, 1720/ |
12 I=j—k<0

12/ |
12 I=j—k>0

and
hy0; /2 . 1 iy a7
Irj=e e, 3:1727 le:I'_Q; q= —¢€ ) ’Y:@_l (36)

The function p'! is given by the following expression [[1]:
P(l + hvi 912/27T)F(1 — hvi 912/27‘( — ")/) sinh(612/2 + Zﬂ'/h)
211 sinh(012/2 — Zﬂ'/h)
IO—O[ Fk 912 Fk(QTI"L/h 912)

11(912) _

27T’L/h+912) Fk(27TZ—912) (37)

where

['(1 + hyi012/2m + hky)
I'(hvyi012/2m 4+ (hk + 1)7)"

In principle, S'' is enough to describe the quantum affine Toda field theory since

Fy(012) = (3.8)

the remaining S-matrices for solitons in the other fundamental representations can be
determined by adopting a bootstrap procedure. Most expressions for the remaining S-
matrices are neither needed nor provided, though a description of the soliton states A? in
the representation a in terms of states A} in the first representation will be given and used
in the next section. The scattering matrix S'2 for as will be used later and is provided in

appendix A.
The bootstrap linking states lying in two different representations is given schematically
A5(0) =) eV AXO - 0,/2) AL (0 +6,/2), 1 =10+1, (3.9)
j7k“

where 6, is the location of the pole in the scattering matrix S corresponding to a soliton
in the representation labelled c. For instance, starting from the operator A]l, for which the
scattering S-matrix is known, the solitons in the second representation will be represented

by
AF0) = > et Aj(6 —im/h) AL(0 +in/h), 1T =1+,
gk
ciF = (—q)"U2=k/R) ki G < k=1, h. (3.10)
Note, each weight in the second representation can be expressed in only one way as a sum
of weights in the first representation. Hence, the sum in (B.10) contains just two terms

related as shown. Iterating this process allows a formal presentation for all the states in
each fundamental representation.

,10,



4. Functional integral approach to the transmission matrix

Before considering in detail all solutions to the triangle equations that express the compat-
ibility between the bulk S-matrix and the transmission matrix - and bearing in mind there
are likely to be several formal solutions to the triangle equations, not all of which might
be relevant to the present problem - it is worth extending the functional integral argument
introduced in [§]. This will supply some constraints that will be helpful in discriminating
among the variety of solutions. In particular, the functional integral allows a comparison
between the elements of the transmission matrix describing the evolution of field configu-
rations in the presence of a defect labelled by a pair of roots (r, s) and the evolution of field
configurations in the presence of the defect labelled by (0,0). The basic idea is to shift the

fields by setting

2rr 2ms
¢—>¢—7, T,Z)—W,Z)—?,

and use the invariance of the bulk action and the defect potential. The remaining pieces
of (R.§), the terms linear in time derivatives, lead to the expression

T(r,s) = ™) 7(0,0), (4.1)

where
T
B

and ¢, dY are the changes in the field configurations from initial to final states.

(=0¢ - (Er+ Ds) + (rD + sE) - 6¢) , (4.2)

T(r,s) =

A soliton passing the defect will either retain its topological charge A, or its charge
will change to p, one of the other weights within the representation to which the soliton
belongs. Thus, the effect of a soliton passing a defect must be to change the defect labels
by

r—)'r—)\, §—Ss— U, (4'3)
and, therefore,
2T 27
0p=———, O0p=——-.
=T TS
Thus,
272
T(r,s) = F (A (Er+ Ds)— (rD+sE)-pu), (4.4)

which is written more conveniently (using D =1 — E) as

7'['2
T(r,s):Qﬁ—Q(%(A—,u)-(r—l—s)—()\—u)-E(s—r)—i—%()\—i-u)-(s—r)). (4.5)

In other words, using this argument it is expected that
T(r,s, A, p) = QAW P2 Bt Oty el (0,0, 0, ), Q=" =q7!,  (4.6)

where p = s+ r and a = s — r. Naturally, this style of argument can give no informa-
tion concerning the rapidity dependence of the transmission matrix but it does suggest,

— 11 —



assuming the conservation of topological charge, that a general element of the transmission
matrix should have the form:

T/l\fg(g) — Q[(A*H)'P*2(>\*H)-Ea+(>\+ﬂ)'a]/4 T)l\t(g) 55,”“ 5g+>\+u (4.7)

Also, the dependence on p can be eliminated using the unitary transformation

Uiy = Qs (4.8)
to find:
T;\tfg(e) _ Q[2&-E(A*ﬂ)+(a+)\)2f(aju)Q]/4 T),L\L(H) 55*)\+u 5g+)\+,u. (49)

For the fundamental representations of a,, labelled a = 1 or r, the weights have equal
length and the expression simplifies a little. Thus, for solitons in the first representation,
equation ([L.9) simplifies to

T1g’5§(9) _ Qa.[E(li—lj)+li+lj]/2 T1g(0) 5§fli+lj 5g+li+lj’ (4.10)
where the general weights p, A have been replaced by the weights lying in the first represen-
tation, namely I} = I; (see (B.3)). Further, when these specific weights are used as labels,
the notation Tlg is used as a simplification. A similar expression holds for the transmission
matrix for solitons in the representation r; for these, the topological charges are merely a
sign change relative to those in the first representation (I, = Iz = —I). For the case of a,
or the sine-Gordon model, E = 0 and ([.1(]) agrees with the findings of [§].

Before proceeding to solve the triangle equations for the as model, it is instructive
to apply the bootstrap procedure to the general form of T, given in (f.10), to see the
extent to which it is possible, solely from the bootstrap, to gather information about the
classical quantity E and the still undetermined part of the transmission matrix. For this
purpose, consider D, to be the defect operator. Then, it is formally possible to describe
the interaction between a defect and a soliton within the first fundamental representation
as follows (6 > 0),

ANO)D, = T5(9) D AL (6). (4.11)

Note, the indices p and ¢ do not appear in ({.11) since, as already established, the trans-
mission matrix does not depend on them. Note also that ([.11) is consistent with the
notation (B.4) used for the S-matrix. The interaction between the defect and solitons in
the second representation will be represented by

A}(0) Dy = T?7(0) D A2, (0)

P90 — i /R) T (0 + im/h) Dy AL(0 — im/h) AL(0 + im/h)
= T?2%(0) ¢,% DsAL(6 — im/h) AL (0 + im/h) (4.12)

where all repeated indices are summed. Thus,

T28(0) ¢, = ¢/ T80 — im/h) TV} (0 + im /). (4.13)
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Bearing in mind the result obtained for the transmission matrix in the sine-Gordon
model [§, and also noting the rapidity dependence within the S-matrix (B.F), a suitable
ansatz to adopt for the rapidity independent part of ({.1() is

TY(0) = tij 2 g (0), (4.14)

where ¢;; and €;; are constants, and g(6) is independent of the soliton labels.
When a = b, the right hand side of (f.1J) must vanish since there are no weights of
the form 2I! in the second representation. As a consequence, the following relations must

hold
Qlk~Elj+la-(1+E)(lk—lj) Cz‘jk — _(_)Eka_EjaQEja_Ek:a Czkj (415)

Putting j equal to the index a, and using the fact (deducible from (B.)) that l,- (I, —Ix) = 1
for all k # a, (.1I5) becomes

;% = —(—)Fka—Can QlHcan—Cha ¢ ha, (4.16)
and this can be compared with () Firstly, interchanging a and k requires

€ak + €ka — €kk — €aa = 2, a F k. (4.17)
Secondly, using (B.10) leads to more detailed information, namely,

€ka = €aa +2la — E|/h, a<k. (4.18)

Together, (1.17) and (m) determine all the off-diagonal exponents appearing in the trans-

mission matrix in terms of its diagonal exponents. Also, when j < k # a it is possible to
gather information concerning the matrix E because ({.15) demands

(lg—1) E(lj—1ly)=—1, j<k<aora<j<k; (lp—Ils) -Elj—1)=1,j<a<k.

(4.19)
Because of equivalences it is sufficient to consider only one of these sets of relations. Making
use of (B.J), the constraints implied by (f.19) can be rewritten

(ap + g1+ Faa1) Elog + oy 4+ +ap1) =—1, j<k<a. (4.20)

The independent relations provided by (f.2() state the following

—1m=10l-1
- Eay, = ’ [=2,...,a—1. 4.21
A B { Om=1,...1—2, e d (421)
Since the index a takes the values= 1,...,h, the total number of independent constraints

in ([.21)) is r(r — 1)/2 and precisely equal to the number of degrees of freedom of the
matrix E. Consequently, F is completely determined by the bootstrap procedure and can
be compared with the formula (2.11)) which defined the matrix E = 1 — D established in
the classical setting of the defect problem. It can be seen that the two expressions coincide,
provided the clockwise cyclic permutation of the simple roots in formula (R.11]) is chosen.
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Next, consider the terms for which a # b and 1?2 = I} + 1} in (.13). Then, n =i and
the left hand side of ({4.13)) can be written in two ways according to the choice of ordering
a with respect to b. Thus,

; cl.’a a . .
T2 = T'Y(0 — in /)T (0 + im /h) + (—) TV (0 — im/h)T Y260 + in /h)
c@b . a .
= TY4(0 — i /h)T 60(0 + im/h) + (T) TYL(0 — i /h)TY 5 (0 + im/h). (4.22)

Since the right hand sides must match, and since the dependence on 0 is different in different
terms, there is an additional pair of constraints. Specifically, these are

€aa = €pp =€ €qp — €pg = 2(1 —=2|a —b|/h), a<b=1,... h. (4.23)

Therefore, all the diagonal exponents in the transmission matrix are the same; the relations

in the second group are precisely the differences of the relations given earlier in ([L.1§).

Using (f.1§) and (f.23) the diagonal terms of the transmission matrix for the solitons in
the second representation are

T27(0) = Qo) 12 (1o tyy + 22t aptpa) g1 (0 —im/h) g (O +im /R) 6, 12 = lo+1p. (4.24)

It is possible to go a little further in the analysis of ({.1J) by looking at those cases

for which " ,
J a

o= (4.25)
G e

Since 12 is uniquely I} 4 I} there is only the choice of ordering a and b when consider-
ing ([.13). Because of this, and the fact ¢, # ¢,%?, there must be further constraints on
T'(#). With the particular choice ([.2), these are

kj
STV (0 — i /h) TV(0 + i /) (4.26)

Ci

T80 — im /h) T (0 + im /) +

gk
= Ccfkj TY0(0 — im/h) T30 (0 + im /R) + T30 — im/h) T*45(0 + imc /).

For definiteness, suppose that j < k. Then, the constraint ([.2]) is satisfied (using (B.10))
provided |a —b| = [j — k| (if @ < D), or [a —b] = h —|j — k| (if @ > b). The full set of
possibilities will not be analysed here and to illustrate some important points only the two
simplest cases, namely |j — k| = 1 and |j — k| = h — 1, will be considered in detail. Besides,

these cover all the possibilities for as. Bearing in mind that
=1+l B=l+1h, (4.27)

it is useful to list explicitly the combinations of indices j, k, a, b which will be investigated.
Firstly, consider |j — k| = 1. For the as case such combinations are

B=li+ly, B=l+ly ifa<b; Z=l+ls, =13+ ifa>b
B=lo+l3, B=l+1y ifa<b, Z=l+ly 2=I3+1 ifa>b  (4.28)

n n
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while their generalizations for the a, affine Toda field theory are
llz = lj + lj+1, Z?L = lj+1 + lj+2 if a < b; llz =lp_1+ 1, l% =+l ifa>b (429)
l?:lj—{—ljJrl, l%:lj,1+lj if a < b; l?:ll—}—lQ, l%:lh—}—ll if a > b. (430)

It should be emphasised that while (£.2§) represents all possible combinations of indices for
az with the constraint |j—k| = 1, (£:29) ([£.30) only provides a subset of the possibilities for
a.. Using (E17), (E19), [ET19), (E29), it can be verified that equation ([E.26) is an identity

for the weights in ([.29). The corresponding transmission matrix elements for solitons in

the second representation are

7289y = QIBUs—l42)+ 21+l +al /2 2et1-2/h) (tjjratitij+1 + 22tip1j12tii41)

x gH(0 — in/h) g (0 + in /h) 65 17 I+2, (4.31)
with
l?:lj—i-lj_H, l%:lj+1+lj+2 j=1,...h—=2
and
T278(0) = QIFUn—a=t) T2 tin—a ¥hl/2 2 HI=2/0) (1,1t + 2t 1 th—1)
x gL (0 — in/h) g* (0 + ir /h) 65 M1t (4.32)
with

B=l_1+1lh, =+
Alternatively, using the index combinations in (f.30]), the expression ([.26) is satisfied
provided the following constraints on the constants ¢;; hold
titivij—1 = tjz1tij—1 7 =2,...,h—1; tiitan = tartin, (4.33)

and the corresponding elements of the transmission matrix for the solitons in the second
representations are equal to zero.

Finally, the case |i — j| = h — 1 corresponds to the following two-index combinations
for ay (the possibility a < b having been investigated already):

liz:ll—}—lg, l%:lg—}—ll if a>b,
B=Ul+1l3, B2=Il3+1 if a>b (4.34)
and these generalize for the a, affine Toda field theory to
li2 =1+, l,% =+ if a>b, (4-35)
B=li+lp, 2=l +l1 if a>b. (4.36)

Just as in the previous case, using the weights in (l.3]), the expression (.26) is an identity
with the corresponding transmission matrix element given by

T2(G)1F = QIBUn—l)+21-+la+in) /2 2e4+1=2/h)

X (tllch + $2th1t12) gl (9 — ’L7T/h) gl (9 + ’L7T/h) 5§_lh+l2, (437)
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with
2 =1 +1, 2 =1y 4+ 1.
On the other hand, using the index combination in ({.36), the expression ([£.24) forces the

following constraint on the constants ;;,

that1ih—1 = tinthn—1, (4.38)

with the corresponding transmission matrix elements being equal to zero.

In summary, this partial analysis of the bootstrap procedure determines the matrix
T! for all the affine Toda field theories up to a function g(f) that is independent of the
soliton labels, and up to constants ¢;;, which are themselves constrained. Moreover, it
has been noted that provided the initial 7' matrix has all entries different from zero,
the transmission matrix T2 is required to have at least some off-diagonal entries equal to
zero. For the simplest case of a9, the analysis based on the bootstrap has been carried out
completely, and therefore it is possible to write down the full 72 matrix for antisolitons.

To conclude, the transmission matrices for the ay affine Toda field theory predicted by
the bootstrap procedure are

t1 Q1 84 trg 23 80 tig 2/3 Q etz g0
T (0) = g1 (0) | tar 2?3 Qs g5+ tos Q2 55 tog 4/3 55 (4.39)
ta1 238500 gy a3 Qb gt tas Q1 05

e}

T220(0) = g' (0 —im/3) g"(0 + i /3) <1 + x2m>

t11t29t33
t1 Q™l 68 toytaz /3 55T 0
X 0 too Q_OMQ 65 t39t11 562/3 6§+a2 s (440)
trgtoy 22/3 55T 0 ts3 Q™1 57
with tor t tan tag t
21 t13 32121 32t13
= o3, = t31, = 112. (4.41)
t11 o2 t33

Note, the function ¢g'(6) has been redefined in order to absorb the factor z¢.

At first sight the imbalance between solitons and antisolitons appears strange and one
might wonder about its consistency since the bootstrap could be run the other way to
define T starting with 72. Although the details will not be given here the results are
entirely consistent; starting with a matrix containing these zeroes and using it to define 7!
does indeed recover (.39).

In the next section it will be shown that the transmission matrix (4.39) coincides with
a solution of the triangle equations.

5. The transmission matrix for the a, affine Toda field theory: the triangle
equations

In this section arguments will be restricted to the special case as. In order to find the
transmission matrices describing the interaction between the jump-defect and solitons, the
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general procedure applied successfully for the sine-Gordon model in [§] will be adopted. The
first step is to solve the triangle equations, which relate the elements of the transmission
matrix to S-matrix elements; and, in the first instance, attention will be focused on the
transmission matrix for solitons in the a = 1 representation.! Consequently, the triangle
equation reads

S (012) T2 ,(00) TV 5(02) = T2 (02) TV (01) S™ 5k, (612), (5.1)

where the elements of the transmission matrix 7' are infinite dimensional. As noted
in the previous section, the transmission matrix elements have two types of label. The
roman labels stand for the soliton states 1,2,3, while the greek labels represent vectors
in the weight lattice. Because of the topological charge conservation, the elements of the
transmission matrix can be written as follows

TU(0) = #17,(0) 057 i =1,2,3 (5.2)

where I;,1,, are the weights (B.3), which in the case of ay are

1 1 1
L= 5(20@ +az), lp= —5(041 —ag), 3= —5(041 + 2a). (5.3)

In the following discussion, indices referring to the first representation will be omitted
since there is no possibility of confusion; for instance, the matrix 7' will be indicated
simply by T, and so on. Using the ansatz (5.9) for the transmission matrix and the
S-matrix (B.F), it is possible to find solutions to the triangle equation (5.1) up to an
overall scalar function of the rapidity. A classification of all possible solutions, and a
detailed explanation of the procedure adopted to obtain them, is available in appendix [B-
Among all the solutions listed (B-23) coincides with the T' matrix ({£.39) discovered already
by analysing the bootstrap procedure, as explained in the previous section. Notice that
apart from an overall scale this solution contains eight parameters t;;, satisfying the three
relations ([L.41]). However, using suitably designed unitary transformations most of this
freedom can be removed to leave just one essential parameter. To demonstrate this a
slightly more general element of the transmission matrix 7" will be considered instead of
the expression (p.2), namely

Tioa (6) = 1 (8) 8070 Hn 1t (5.4)
This was the general expression considered using the functional integral approach and the
extra delta function does not alter the solutions to the triangle equation (f.9).

It is convenient to split the argument into two steps. Consider the solution (B.23) and

multiply it by (tntggtgg)*l/ 3. Next, conjugate the matrix using the unitary transformation:
—pl1/2,—pla/2,—pls/2
Wia = (4, PUP B P2y 6050 [tyy| = |tea| = [tas] = 1. (5.5)

! From now on, these solitons will be called simply solitons, while the solitons in the a = 2 representation
will be called antisolitons.
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After conjugation, the parametric part of the solution (B.23) is modified and represented
schematically as follows,

1 t1o(ti1tae) V2 ti3(ti1tsz) /> 1t t13
to1(t11tas) 1/ 1 tas(taotss) V2 [ = | for 1 a3 |- (5.6)
ta1(t11tas) "1 /? tag(tantss) /2 1 t31 taz 1

Next, conjugate using the unitary transformation,

vy /3 p—ov0 /3 r—avaun /3 A A A
VE1 = (G PPy 6o lto1| = [tas] = [ts2| = 1, (5.7)

a®ps

which, together with ({.:4]), transforms (F.6) to a matrix depending on a single parameter
t, which can be represented schematically by,

1 t2/3 t1/3

aso1 s | (5:8)
t2/3 t1/3 1

with t = (5215137%2) = (t21t13t32)/(t11t22t33). Consequently, solutions () and ()
become, respectively

Qa-ll 55 .@2 5§—Oél 3 Qfa-lg 554-040
TU0) = g'(0) | 2Q BT QoY #2002 |, (5.9)
jQ 55*00 7 Q_a'll 5g+a2 Qa-lg 55

Q—a~ll 55 5 5g+a1 0
T (0) = g°(0) 0 Qs zatr |, (5.10)
BonT 0 Qs

where it has been convenient to set

t= e_gvA,

and
2(0) = g (0 —in/3) g1 (0 +in/3) 1+ 2°), &=e'0-2), (5.11)

Eventually, the constant A will be related to the Lagrangian parameter o = e~ introduced
in (1.

In the next section these solutions to the triangle equations will be used as suitable
candidates for describing the jump-defect problem and an additional constraint will be
introduced to determine the scalar function g up to a CDD factor. Though the subsequent
analysis will rely on solution (b.9), it could be anticipated that this is not the only relevant
solution of the triangle equation. Evidence that it is the appropriate solution will be
provided, as well as reasons why the functional integral approach selects solution (B.23)
among all the solutions presented in appendix [B]
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6. The transmission matrix for the ay model: additional constraints

Additional constraints are necessary to determine the overall factor g(f) in the solu-
tions (5.9) and (5.10)). For unitary theories these constraints are based on unitarity and
crossing properties of the S-matrix, although it was found convenient in to use equiv-
alent constraints based on unitarity and ‘annihilation poles’. The latter was found to be
more suitable when analysing the sine-Gordon system because it avoided having to relate
scattering of solitons arriving at the defect from the left to the scattering of solitons arriving
at the defect from the right. In the present context, the theory is not unitary, the S-matrix
is not a unitary matrix for real rapidity, and it is not expected that the transmission matrix
should be unitary. For this reason, the methods used previously to analyse the sine-Gordon
model will need to be adjusted slightly.

However, although the S-matrix is not unitary it is nevertheless natural to assume that
S(=8) =[s(0)) " (6.1)

and therefore, a similar relation is also supposed to hold for the transmission matrix [J].
The condition is
TV () T (—0) = 556 (62

a- o

where T? is the transmission matrix describing the interaction between the defect and a
soliton travelling from the right to the left. In fact, since parity is violated explicitly in the
jump-defect problem, the matrix 7" is expected to differ from the matrix 7" that describes
solitons travelling from left to right. Indeed, the triangle equation satisfied by T is
SHm(Or2) THE(00) TH075(02) = T (02) T (61) S™ b (B12); (6.3)
and this differs slightly from the relation (f.1]) previously discussed. Consequently, the

solutions of these two triangle equations are not the same. Nevertheless, Tl(—H) is the
inverse of T'(#) and, therefore,

Q~h g 0 —Qadlteo
X 1 1
TH(60) = s T | —QaT Qb 0 . (64)
g ( ) 1-— Qx 0 —Qi’ 5§+o¢2 Q*O&'lg 55

It is worth pointing out that requiring 7' to have an inverse is already a constraint, since
not all solutions to the triangle equations will have this property.

Crossing requires that (f-4) should be closely related to the transmission matrix 7
for the antisoliton via the relation

T%8,(0) = T'2 (im — 0). (6.5)
Comparing (b.4) with (5.10) it is clear (6.) will be satisfied provided

g'(0) g* (0 +i2m/3) g (0 + i4m/3) (1 — @%3%) (1 — Q%) =1, (6.6)
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which clearly constrains the overall factor g'(6). It is interesting that an expression for 72
emerges containing the zeroes remarked upon before, previously generated by the boot-
strap.

A minimal solution to (p.6) is provided by setting

9'6) = G (6.7
with
*r T[(1+7)/2 4 3ky — 2] T[(1 — 7)/2 4+ 3k — 2)y + 2]
O =ri 2= 1 v sm e ey O
where
_i3y(0 - A)
T o
Using (B-11]) a matching expression can be found for g?(f):
T[1/2+v—2] ¢ T[1/24 3k + 1)y — 2] T[(1/2 + (3k — 2)y + 2]
70) =~ oy s LT[ 2+ (b= )y 2T/ + Gh— 1y —o &)

However, these expressions could be modified by multiplying ¢'(#) by any function h(6)
that satisfies
h(6) h(0 + i27/3) h(0 + i47w/3) = 1,

and the ambiguity is not resolvable without comparing the results of the algebraic manip-
ulations with the outcome of some alternative dynamical calculations. Unfortunately, such
calculations are beyond the scope of this article.

Since crossing has been used to constrain g'(f), and since the theory is not unitary,
there should be no further constraints. Previously, in [§, it was found convenient to use the
unitarity of the sine-Gordon model alongside the annihilation poles. However, examining
the annihilation poles in the present context merely reproduces (6.4). The ‘annihilation
pole’ condition is provided by a virtual process where a particle and its antiparticle anni-
hilate to the vacuum and is described schematically by the following expression

™05 = T*(0 —im/2) T (0 + im/2) o™ (6.10)

e

To perform the calculation it is necessary to determine the ratios of the couplings appearing
in (b.10) by examining the S'? and S?! matrix elements provided in appendix [Al. When
f12 = imw the couplings are

cﬁo Cokk == CZZO CO - Po (q - q71)7 ia k= 17 27 37
i’ e = e’ o™ =0, G k=1,2,3, j#k, (6.11)
where p{? is the scalar function p!'? calculated when 615 = im. As a consequence, the

coupling ratios appearing in (p.1() are all equal to one. Then, using the transmission
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factors (p.9), (b.10) in equation (p.10), and setting a = 1,2 or 3 , the ‘annihilation pole’
condition recovers (b.6).

Consider the pole occurring in the expression for ¢'(6) at z = (1 +v)/2, or in terms
of rapidity at

T
Op=A— — — —.
P 3 3y

It is tempting to associate this pole with the complex rapidity at which the classical delay
diverges, namely (R.23), especially given that 1/ — 0 in the classical limit. That would
then require the identification

A=n+2, (6.12)

at least in the limit 5 — 0. With this identification, the complex energy of the state
associated with the pole at 8 = 0p is given by

E = mgcosh @p = mgcoshn sin T + Ul + imgsinhn cos T + s , (6.13)
3 3y 3 3y

and this enjoys a positive real part and negative imaginary part provided

1< <2
9 Y )

or, in terms of the coupling, 87/3 > (%2 > 47/3. Thus, it seems this pole appears to
indicate an unstable state in the quantum theory that is completely disconnected from any
phenomenon in the classical model. This kind of feature did not appear in the analysis of
the sine-Gordon model.

There are other reasons for making the identification ([.19), and reasons related to
breathers will be discussed in the next section. However, comparison with the sine-Gordon
case already provides some additional motivation for the choice. In fact, aligning with the
notation used in the present article, the transmission matrix for the sine-Gordon model
found in [{] takes the form

a2 55 _\1/2 ~y(0—n) 65*2
sGnB gy _ SG QY b (—a)/"e o
T ia (9) =9 (9) ( (_q)1/2 eV(0—n 5g+2 Q—a/Q 55 )

while for as, the transmission matrices found for solitons and antisolitons, namely (p.9)

and (p.10), with the choice (6.129) have remarkably similar elements since

0-A) _ (-

&= el q)"1/2e 0=, (6.14)

Of course nothing can be said concerning the manner in which the classical defect parameter
7 might be renormalised, and in fact notation has been abused slightly (though without
leading to any misunderstandings) by using the same symbol in two different contexts.
At this stage, it is possible to compare the as transmission matrices with the available
classical results, namely the delays (R.2() experienced by solitons or antisolitons travelling
past the defect. Classically, there is little difference in behaviour between the soliton and
the antisoliton. In either case the the defect causes a phase shift varying between 0 and
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—2m /3 for the soliton (a=1), and between 0 and 27/3 for an antisoliton (a=2). Because of
this shift, the topological charge (B.4) of a soliton or antisoliton might change as it passes
the defect. It was pointed out that the topological charge of a soliton or antisoliton passing
through the defect could be converted to just one of the adjacent topological charges. In
particular, assuming 6 > 7, the argument of the delay (2:29) will be negative for the soliton,
therefore its topological charge I; will change, if it changes at all, into ;11 (with (i + 1)
understood modulo 3), while for the antisoliton the argument of the delay will be positive
and the topological charge I; will change, if it changes, into Iz (with (i 4+ 1) understood
again modulo 3). Inspecting (p.10), it can be seen that the transmission matrix representing
the behaviour of antisolitons provides a good match to the classical situation because of
the presence of zeros in expected positions. On the other hand, the transmission matrix for
solitons does not possess the expected zeros corresponding to the classical selection rule.
It appears that in the quantum context a soliton passing through the defect may change
into either of the solitons adjacent to it; although the classically allowed transition remains
the most probable, the soliton can tunnel to its classically forbidden neighbour. From
this perspective, the defect can act as a filter, which is intriguingly asymmetrical between
solitons and antisolitons. This kind of effect was not evident in the sine-Gordon model
since there the soliton and antisoliton belong to the same representation when regarded
from the perspective offered by the present context, and transitions between the two are

never forbidden, either classically or quantum mechanically.

7. Transmission factors for the lightest breathers

In order to collect additional evidence to support the idea that the transmission matrix (p.9)
describes ay solitons interacting with a jump-defect, the transmission factors for the light-
est breathers will be calculated. Since the lightest breathers correspond to the quantum
Toda particles described by the fundamental bulk fields appearing in the Lagrangian den-
sity, their transmission factors can be compared perturbatively with classical transmission
coefficients obtained by linearising the defect conditions (R.14).

The breathers describe scalar bound states whose existence is revealed by the following

poles located in the forward channel of the soliton-antisoliton scattering matrices (see
appendix [A])

2k

Hk:m(l—?)—), k=1,2,...[3v/2], keWN, (7.1)
Y

where the notation [u] represents the largest integer less than p. The masses of these bound

states are
wk
=2Msin | — 7.2
my sin <3’y> , (7.2)

where M is the soliton mass (R.4). The bootstrap will be used to calculate the breather
transmission factors and, for the lowest mass breathers (k = 1), it states

™ T (0)6 =) T2 (0 —i(r/2 —n/3y) T' & (0 +i(x/2 — 7 /3y)) . (7.3)

€

— 22 —



The ratios of the couplings can be calculated using the scattering matrices provided in
appendix [A]. For instance using the matrix S'2, the couplings calculated at 615 = im(1 —
2/3) satisty
cﬁl clii = _PP (q - qil)a Ciml clﬁn = 07 iam = 17 27 37 m 7& ia
ciital = pl2 (g — g em?, et el = pi? (g — g7V e,
i=1,23 kil#j (k=j+1,l=37+2) mod (3),

where pi? is the scalar function p'? calculated when 015 = im(1 —2/3v). Consequently, the
coupling ratios appearing in ([(.3) are

33 11 22 33 11 22
a™” o a” _im/3 a"~ _a - _a _ein/3 (7.4)
el 22 o3 ’ 1l 22 33

Clearly, identical coupling ratios are obtained using the matrix S?' instead of S12. Us-
ing the transmission matrices (f.9) and (b.10), with the scaling functions g!, g* given
by (b.7), (6.9), the transmission factors for the lightest breathers are

sinh <977’7 — %) sinh <97777 + ’27”)

lel(e) B eim/&zsinh <6—;71 + %) ’ sinh (9%" + %r) .

T2bl (9) — ei7r/3

(7.5)

Notice that, as was the case for sine-Gordon [§], the transmission factors for the lightest
breathers appear to depend on the coupling constant § only via the parameter 7. Never-
theless, one might expect, in the classical limit § — 0, that the parameter represented by
n appearing in (f.§) would tend to the classical Lagrangian parameter. For this reason,
as mentioned previously, the same notation has been used for this parameter regardless of
the context.

Consider now the classical problem of finding the transmission coefficients for the
linearized version of the jump-defect problem. Following the procedure adopted in [R]]
for the affine Toda field theory restricted to a half line, the bulk fields ¢ and % can be

expanded in power series in § as follows,
o= g, =Y gy
k=—1 k=—1

The fields ¢(@ and ¢(© represent the small coupling limit, namely small perturbations
around the background represented by the fields ¢(=1) and (=Y. The field ¢(©),©
satisfy the linearized version of the equations of motion and the defect conditions. Since
the background represents the ground state, it is supposed to have minimal energy and to
be time-independent. Any static configuration (B.1), as well as the choice (¢(~1,p(=1)) =
(0,0), satisfy these requirements. Then, the equations of motion and defect conditions for
the fields ¢(©, () become, respectively

0700 — 0260 = —m* Y o] 0O =Mz <o,
=0

O — 5290 = 2 Z aial - p© = — 2@, z>0, (7.6)
i=0
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T

(%qb(o) B E@tgb( D&ﬂbw (Oé@' . DT) [(a- . DT)¢(O) + (o - D)¢(0)_ (7.7)

mo
4

+ Z (v - { a; - D)qj(()) — (v - D)T/J(O): — 0,

z =0,
mo « ]
8351/1(0) B DT({“)t(ﬁ(O) I Eat¢(0) _ Ta (o - D) [(Oéi . DT)¢(O) + (- D)w(O)
i=0 _
mee, V6O _ (o DY@ —
o z;m, D) [(a;- D)8 — (i - DY = o,
x =0,

where M represents the mass matrix. A solution of the equations of motion ([7.6) is
T
¢(0) — Zpk <ezbkx + Rke—zbkx) e—zakt7 r < 07
k=1

k=1

The vector pg, in order to satisfy the equations ([7.d), has to be an eigenvector of the matrix
M, namely

k
M2pk = (a% — bi)pk = m%pk, mi = 2msin (%) , k=1,...,7 (7.9)

By contrast with the half-line case discussed in [PJ], the vectors pj do not diagonalise
the defect conditions (7.7), because of the presence of the matrix D. Therefore, explicit
expressions for these vectors are required in order to find the coefficients Ry, T} appearing
in (7.4). Bearing in mind the expression (R.) for the soliton solutions, the vectors pj can
be written as follows

T
—Zalwlk, w = 2/, k=1,...,7. (7.10)

It can be verified easily that these vectors satisfy (.9).
Inserting ([7.§) into the linearized defect conditions ([7.7), two expressions containing

the unknown coeflicients Rk, T}, are obtained. Multiplying them on the left hand side by
p;rg, and making use of (R.19) and (7.10), leads to

Ry [(—iby + iay, + o + 1/0)(2—(4)_]‘“—wk)—Qiak(l—wk)]
+ T3 [2ia,(1—w®) = (2—w* —w®) (0w ™ +1/0)] + ibp(2—w ™ —w¥)
+(o+1/0)(2—w™—uk) +iap (W —w®) =0, k=1,...,7
Ri[2iar(1—w™) + (0w ™ 4 1/0)(2—wk —w™)]
+ T [ibg (2—w ™ —wP) +iag(w—wh) = (0 4+ 1/0)(2—wk —w™)]
+2iay(1—w™) + (owk +1/0)(2—w™ —wk)

0, k=1,...,r
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After a little bit of algebra, and setting ap = my, cosh 8, by, = my, sinh 6, the reflection and
transmission coefficients are found to be

- K
ie " my —o(l —w™")
R =0 T = k=1,...,r 7.11
k ) k Zeemk+0(1—wk) Y ) 7T ( )

It can be easily verified for the as affine Toda field theory, setting ¢ = e™", that the trans-
mission coefficients (7.11) (r = 1,2) coincide with the expressions ([7.5) for the transmission
factors for the lightest breathers. Moreover, as expected, the reflection factors turn out
to be zero. This result, given that no perturbative calculations are available to suggest
otherwise, provides a further justification for the choice made in (6.12) for the constant A.

8. On defects and solutions of the triangle equations

The investigation of the triangle equations for the ay affine Toda field theory reveals several
possible candidates for the transmission matrix describing the interaction between solitons
and the purely transmitting defects. In previous sections, one of these solutions has been
chosen to be the ‘correct’” matrix describing the scattering between solitons and the jump-
defect discussed, classically, in section f. Some evidence to support this choice have been
provided. However, for reasons of completeness, some words are also due concerning the
other solutions listed in appendix B.

As mentioned in section (B]), the choice of the ‘clockwise’ cyclic permutation of the
simple roots was arbitrary and made simply in order to give a specific expression for the D
matrix. In fact, as was already pointed out, the other possibility, using the ‘anticlockwise’
permutation, was chosen in [fj]. It turns out that if the alternative choice had been adopted
from the start, the corresponding transmission matrix for solitons would have been given
by (B.33), instead of (B.23), and it would have been the soliton transmission matrix that
had the zeros corresponding to classical selection rules. Applying the bootstrap procedure
to (B.3§) the resulting transmission matrix for the antisolitons would be found to have
no zero components. As a consequence, for this alternative choice it is the matrix for the
solitons that mirrors the classical selection rules for the delays of solitons and antisolitons
passing through the defect. Thus, reversing the sense of the permutation has the effect
of maintaining the asymmetry but interchanging the roles of solitons and antisolitons.
Similar arguments to those used to constrain the overall factor g'(6) can be applied with
the alternative choice of permutation leading to a suitable overall scalar function §'. The
transmission factors for the lightest breathers can be calculated and, provided a suitable
choice for the single independent parameter appearing in the transmission matrix is made,
it can be verified they coincide with ([.]), as was to be expected.

It should be noted that an alternative setting for the jump-defect problem is also
possible. Classically, the distinction between the two settings turned out to be important
in the process of calculating of conserved charges [[]. In fact, according to which setting is
chosen, only the even or odd spin charges are conserved (apart from the spin +1 charges
that correspond to energy and momentum). The defect conditions for the alternative
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framework are

0+ ETOip — DOpp + 048 =0 z =0,
Outh — D10 — ETOpp —0yB=0 x=0. (8.1)

with D substituted by —D in the defect potential (£.10), and D + DT = -2, E =1+ DT.
An explicit expression for the matrix D, provided a clockwise permutation is chosen, is
given by

T
D=2 wg (wes1 —wa)" . (8.2)
a=1
In the quantum context the transmission matrix describing this jump-defect framework is
given by (B.36). Alternatively, choosing the anticlockwise permutation the correct trans-
mission matrix would be given by (B.24). All the computations performed in this article
can be repeated for this alternative framework without any problems.
The remaining solutions of the triangle equations do not seem to be relevant for the
defect. Some of them fail to be invertible implying they will never satisfy (6.9), and others
fail to fit the pattern implied by the functional arguments presented in section ().

9. Conclusion

The purpose of this article has been to extend previous work devoted to the sine-Gordon
theory with a defect. During the analysis several intriguing results have emerged. One of
these, and perhaps the most interesting, is the appearance of an unstable soliton-defect
bound state within a band of couplings that does not include a neighbourhood of the
classical limit. In a way, this is natural for the as model because solitons cannot be
absorbed by the defect within the classical field theory; though a logical alternative would
have been a complete absence of unstable states. The next step to take will be to examine
the a,, models in sufficient detail to be able to determine the pattern of bound states
accompanying defect-soliton scattering. One of the first steps will be to analyse a defect
interacting with solitons whose topological charges are described by weights in the six-
dimensional representation (corresponding to the centre spot in the Dynkin diagram) of
as. This is the first occasion where a classical model has missing solutions (four of them,
corresponding to four particular weights in the 6), and it will be interesting to see if there
is a mechanism to generate states corresponding to them in the quantum theory.

Another intriguing feature is the manner by which the quantum field theory with a
defect chooses to implement the classical selection rules governing the transitions between
different topological charges that are permitted by the defect. In all cases (whether it be
the choice of setting or permutation describing the defect in the Lagrangian), there is an
imbalance represented by the curious asymmetry between the behaviour of solitons and the
behaviour of antisolitons represented typically by (5.9) and (5.10). Some difference between
soliton and antisoliton behaviour was to be expected owing to the explicit breaking by the
defect of parity and time-reversal but the way the difference reveals itself is quite peculiar.
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A further interesting fact concerns the matrix F (or equivalently (1— D)). This matrix
is an ingredient of the defect part of the classical Lagrangian and determined, in the first
place, by insisting upon classical integrability. However, in section ({]) it has been shown
how it is alternatively specified by examining the bootstrap in the functional integral
context.

It was pointed out in [§ that it appears to be perfectly consistent to allow several
defects, or indeed to allow defects to move with independent velocities. This part of sine-
Gordon story has not been explored yet for the other affine Toda theories and must be
deferred for the moment.

One final remark. In most respects, members of the full set of affine Toda field models
share similar features, with such differences as there are attributable to their differing root
data. In gross terms, a feature of one of them is a feature of the others. However, the
classical analysis of integrable defects has only revealed (so far) the possibility of defects
within the a, series of models [[]. On the other hand, all models in the imaginary coupling
regime have an S-matrix to describe the scattering of solitons, and one would expect
within each of these models a wide variety of infinite-dimensional solutions to the triangle
equations. It remains to be seen if any of these solutions can be interpreted as soliton-defect
scattering though it would be surprising if such was not the case. Pushing the analysis
in this direction may shed some light on the existence (or otherwise) of a wider class of
integrable defect.
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A. S-matrices for the a, affine Toda field theory
For the ay affine Toda field theory, apart from the scattering matrix S already described
in section (), the matrices S'2 and S?! are also used in the present article. Consider the

following triple product

AL (01)A2(02) = AL (01)[c” Al (02 — im/3) A} (02 + im/3) (A1)
+eg?t Aj (02 — im/3) Af (02 + im/3)], B=1+1

where [ = I = —l (k = 1,2,3) and the value of the couplings is given in (B.10). Then,
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making use of (B.5), the non-zero components of the matrix S'2 are given by

3
Al 01 02 Z 612 (62)A11§(61)7
k=1

AL(01)AZ(6) = S”fg (012) AF(02) A} (61), j # k. (A.2)
with

st gj] (012) = p"2(612) <$12(—Q)1/2 - xle(—Q)ﬂﬁ) ;
. x121/3(—q) 1/2, k=j—1 mod (3)
SRR (010) = p(012) (a—q ")
w2 (=), k=j+1 mod (3)

S12H (012) = —p2(012) (w12(-)* =2 (=0) %), £, (A.3)
where the scalar mulitplier p!?
2(012) = (9612(—@71/2 - xfgl(—Q)l/Q) p't (612 + mi/3) p' (612 — 7i/3).

The non-zero elements of the matrix S?! are equal to the elements described in ([A.3) for
the matrix S2 with p'? = p?!, except for the 521 kk elements, for which the index k = j—1
has to be replaced by £ = j + 1, and vice versa. Such a small difference turns out to be
relevant in the calculation of the transmission factors for the lightest breathers performed
in section (f]). A detailed investigation of the ay affine Toda field theory, including bound
states and scattering processes, can be found in [2(].

B. Solutions of the triangle equations for the a; model

A classification of the possible solutions of the Yang-Baxter equation for purely transmitting
defects (p.1]) will be provided in this appendix. As already explained in section (), because
of the topological charge conservation, the ansatz for the elements of the transmission
matrix is supplied by (5.9). For the analysis performed in this appendix, it is useful to
assign a different letter to each entries of the transmission matrix to avoid the use of many
indexes. The notation chosen is the following

AB9) K2(0) vP(o) aa(0) 65 k()57 v, (6) 85T
17 0) = | J20) BIO) 1200) | = | ja(0) 00T ba(0)da  ia(0) 00
50) L56) i) Wa(0) 687 1,(0) 657 ca(e) 55
In addition, the following short notation will be adopted
-1 -1\ —1\ -1\ —
(Q$12—q $12) =a, (m12—$12) :b? (q_q ) =¢ (B'l)
with
T2 = ﬂa x_] - 6370/25 q= eiiﬂﬂf
T2
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As a starting assumption, all entries of the transmission matrix are supposed to be different
from zero. Expression (p.1]) provides several relations involving the elements of the T
matrix, which can be gathered into five groups. For each group of relations, examples will
be provided. The notation A;, A etc. will be used to indicate the entries A(6;), A(62),
respectively.

e Group 1
A1Ay = As Ay, (B.2)

and eight more equations, one for each entry of the 7" matrix. For the diagonal entries,
this kind of relation is automatically satisfied, while for the other entries they state that
the ratios

ka—i—al jatl—al Uoz-‘,—ozo wa—i—ag ia‘—f—az loz-‘,—ozg (B?))

) ) ) ) ) )
kOé ]Oé UQ’ wa ZOC lOé

are independent of rapidity.

e Group 2
b(A1B2 — B2A1) = C(J2K1£C;21/3 — JlKQx}és),
b(B1As — AyBy) = c(KyJyay) — KiJoayy'?),
033143(31142 — B A1) = b( 2Ky — KiJa),
cary*(A1By — A3By) = b(KaJy — J1Ko), (B.4)

and another two similar series of four relations involving the elements A,C, W,V and
B,C, I, L, respectively. The first two expressions in (B.4) force the ratio (2723 ko) /ja to
be independent of rapidity. The remaining two expressions are not independent since their
sum turns out to be zero. Therefore, only one expression in (B.4) has still to be analyzed.
Similar conclusions can be drawn from the other two series of relations. In the end the
constraints state that

’f_ax—Q/g’ %x—ws, i_ax—z/?,, (B.5)
]Oé Ua la

are independent of rapidity and three expressions remain to be analyzed. The latter will
be kept on one side to be discussed at the end of this section.

e Group 3

aA1K2 — bK2A1 = C$;21/3A2K1, CLKlAQ — bA2K1 = Cl&ésKQAl,
aA2J1 — bJ1A2 = C.%'l_Ql/gAlJQ, aJ2A1 — bA1J2 = Cm‘}éngAz, (B.G)

aA1V2 — bVQAl = Cx}égAQ‘/l, aV1A2 — bA2V1 = 01'1_21/3‘/2141,
aA2W1 — bW1A2 = Cx}ég’Ale, (ZWQAl - bA1W2 = C$;21/3W1A2. (B?)
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The relations (B-f) are satisfied if aqia,/da = ¢ and the two ratios aqx~%/%/k, and
ot~ *3/j, are independent of rapidity; or, if Gaia,/@a = 1/q and the ratios aq 243 /kq,
ag x2/3 /ja are independent of rapidity. In short, these solutions are summarized as follows

a Ay _ Ao a 1 a a
ataq =q o, 2/3’ _ax 4/3 or atar -, _ozx4/3’ -_ax2/3‘ (B.8)

aa T ke Ja Ao q  ka Ja

Similarly, for the expressions (B.7) the solutions are

- - - )

Gatao _ 1 OGa 43 Ga o3 = Oatao _ Goo/3 Ga a3 (gg)
A q Vo We, Ao Vo We,

In group 3 there are further relations, among which there are eight involving the elements
B and K, J,L,I and another eight involving C' and V, W, L, I. Using the same notation
as (B-§) and (B.9), the constraints expressed by the other relations of this group, which
are not listed here, are

batay _ o Dajas Do bavar (10 baas o baaps g g
ba ka Ja bCl{ q k:a Ja
batas _ q l.)—aﬂfQ/g, b—ax74/3 or batay _ 1, ba z*/3, b—a332/3 (B.11)
ba Za la ba q Za la
and
Catao _ q, C—am74/3, C—am’2/3 or Catag _ 17 C_axz/?,’ c—a904/3 (B.12)
Ca Vo We Ca q Vo Wa
Catas _ q, C‘_Oém4/3’ C_Oéx2/3 or Cotay _ 17 c._o‘x_Q/g’ c—ax_4/3. (B.13)
Co 1o a Ca q ta la

Clearly, the results of the group 3 can be gathered in turn into three subgroups, which will
be called 34, 3B and 3C' because of the fact that their relations incorporate the diagonal
entries A, B or C of the T' matrix. Note that each of these subgroups provides four possible
different solutions, according to the combination chosen. For instance, for the subgroup
3A it is possible to choose the first expression in (B.§) together with the first expression
in (B.9), or the second one. These are already two different combinations. Similarly,
starting with the second expression in (B.§). Note also that each subgroup provides a
complete understanding of the dependence of the diagonal elements of the T" matrix with
respect to the simple roots, and therefore with respect to a general vector o = maq +n as.
In fact, it is possible to conclude that the ratios aa+ta,/0a, batag/ba and Cota,/Co can
only be equal to 1 or 1/¢% or ¢%. This piece of information will be relevant for the analysis
of the next group of equations.

e Group 4
b(A1 Lo — LA = cxiP (Vi — J1V2)~ b(I1 Ay — Ashy) = cap, P (Vadi — iTa),
b(J1Va — Vah) = (213 Ashy — 272 AL L), b(Vida — JoVi) = c(ary /P Ay — 2131 A),
b(L1As — AsLy) = cal[P(KoWy — K1W2)~ b(A1Ly — Lo Ay) = capy/*(WaKy — WiK>),
) )

c(zry/* As Ly — 215" A1 L),
(B.14)

b(K1Wa — W2 K,

(3712 LaAr — -’E12 L1A2) b(W1 K2 — KoWh
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with sixteen other similar relations, eight involving the element B together with all the off
diagonal elements of the T matrix, and eight involving the C element together with all the
off diagonal entries. The first constraint provided by all these equations is the following

Gotas _ ba-+ag _ Caton _ 1 (B.15)
Ao ba Ca ' '

In other words, the other possibilities mentioned previously are not permitted, since they
contradict (B.§). This observation allows a reduction in the number of possible combi-
nations of solutions in each group 3A4, 3B and 3C from four to two. At this stage, for
pursuing the analysis of the triangular relations, it is useful to adopt the following notation
for the ratios independent of rapidity appearing in (B.§)-(B.13):

a_o‘xifp/?’ — 1 ta b_axifp/g — ;tb c_axj:ep/g 1 te €p = 2’4,

Pa hap () tp DPa hp () g’ Pao hep(ar) p’
(B.16)

where hy; are exponential functions, ¢, are constants and p, stands for one of the off-

diagonal entries of the 7' matrix appearing in expressions (B.§)-(B.13). With this notation,

the constraints provided by the relations in group 4 can be summarized as follows.
Consider the relations in the subgroup 34, namely (B.§) and (B.9). If the combination

fotay _ g fote 1 (B.17)
holds, then
haj(oo) _ o hak (co)
— =g, — =1, har (@) haw (a0 + o ) tpty = he(@)tit,.
Ty ¢ o (001) k(@) haw ( 1)tk ()t
On the other hand, if
1
Gaton _ - Gotag _ q, (B.18)
then
haj(ao) har(ao) 1
=1, — = —, hai(a)hgy (o — aq)tity, = hgi(a)t;t,.
hav(al) haw(al) q2 J( ) ( 1) J ( )

Similarly, consider the relations in the subgroup 3B. If

bOH-Oél 1 ba—f—ag
- =~ — = B.19
ba q’ ba q, ( )
B o) (o)
b\ a1 2 bl
- —1 hyi(a)h tits = hypo()toty.
hi(az) 17 her(a) sl ook o+ o2)tith = hiw(0)tots
On the other hand, if
bCH-Oél ba—f—ag 1
— = — = - B.20
ba q7 ba q7 ( )
B o) (o) 1
b (0 pi (o1
=1 - = () hy: (o — ao)tyt; = h tuts.
hoj(ao) 7 hpp(an) g% w(@)hug (o = aa)trt; = how (@)tuty
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Finally, looking at the relations in the subgroup 3C'. If

Catao _ Cotas _ 1 (B.21)
Cq ’ Co C]’ ‘
then
hcv(OQ) 2 hcw(a2)
= q*, =1, hei(a) hew (0 + a9)tity = hei(Q)tite
hcl(ao) q hci(ao) ( ) ( 2) ]( )]
Instead, if
Catao _ 37 Catas _ q, (B.22)
then e (o) () )
cv 02 cw\ 2
—1 w2 _ het(a)hew (e — a2)tity = hop(Q)tpte.
halag) ~ © hloo) — 22 (@) hey (a0 — a2)ty k(a)ty

Finally, the last group of equations is

e Group 5

aViKy — bKoVy = cailPVoKy,  aK Vi — bVAKy = capy P Ky VA,
aWody — bIiWs = cailWidy,  adoWy — bWhJo = cayy! > W,

with eight further relations. None of these involve the diagonal terms of the transmission
matrix. The constraints provided by them can be summarized as follows

hak(_a(]) . haj(aO) o hbl(al) o hbi(_al) o hcw(_OQ) o hcv(OQ)

hav(al) haw(_al) © hbk(_OQ) B hbj(a2) - hcl(a(]) B hci(_OZO) -

All these constraints taken together allow eight families of possible solutions that can be
written down explicitly. Firstly, note that the functions of the type hgqy(c) can be split
into the ratios hy(a)/hq(c) (see (B.16)), where each

hp(a) _ qoz(mp a1+np o)

with m,, and n, constants. Bearing this in mind, and taking into account that the values
of the constants m, and n, for the diagonal entries are already known, it is possible to
simplify the relations in groups 4 and 5 involving the functions hgp(cr), and determine the
constants m, and n, for the other entries. In order to be as clear as possible, and to avoid
the use of a heavy notation, it is sufficient to write down explicitly as an example only one
solution for each family. The choice of the explicit solutions, which may be called ‘minimal’,
is motivated by the fact that the solutions relevant for the defect problem lie within this
group. Despite that, an example of a complete family of solutions will be provided later,
and the use of the term ‘minimal’ should become clearer.

Rewriting the constants , as t;;, indicating their positions in the transmission matrix
(for instance, tx = t12), the eight ‘minimal’ solutions found - one for each family - are

(¢'=Q):
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o t91t13 = ta3, b2l — g, b2ha — ¢y,
Qa-ll 55 t1o 24/3 55*0!1 t13 12/3 Q—a-lg 5g+0fo
toy 223 Q= ls gt tas Q12 65 tog 2/3 65 (B.23)

t31 24/3 55—040 t39 22/3 Q—wll 6g+042 t33 Qa-lg 55

o t12131 = 32, —thQt;l = 13, —th?)?l = to1,
Qfa-ll 55 t1o x72/3 Qa-lg 55—041 t13 x74/3 5§+040
to1 1‘74/3 5@”0‘1 too Qfa'lQ (55 tos .%'72/3 Qa'll (5570[2 (B.24)
ts1 r—2/3 Qa-lg 55*00 t3o —4/3 6g+a2 ts3 Q—a-lg 55

These two solutions are the solutions used earlier as the soliton transmission matrices
without zero components. The other ‘minimal’ solutions without zeros follow the same
pattern but they are not relevant to the discussion of transmission matrices because they
are not invertible. The notation used for them is abbreviated and omits the Kronecker
deltas.

o oty =tag, BEE =1y, L =1y,
Qa-ll t1o 1.4/3 t13 1.2/3 Qa.ll
to1 2?3 Q7N 4y Q¥ tyzat/3 Qs (B.25)
tg 243 Q1 tay 22/3 Q2 3422 QI3
R
Qfa-ll t1o .%'72/3 Qa-lg t13 .%'74/3 Qa-l?’
toy o 4/? ta Q™" tyg a3 QT (B.26)
t31 r—2/3 Qfa-ll t3o 7—4/3 Qa-lg ta3 22 Qa-lg
ot =t S50 = 525
Qa.ll t1o 274/3 Q—oz-lz t13 272/3 Q—a.lQ
tor 23 QYN gy 22 QTN tgzat/B QT (B.27)
ts 564/3 t39 x2/3 QOé-lg t33 Qa'l3
Q—oz-h t1o 56_2/3 Q—a.ll ts $_4/3
to1 r—4/3 Qa-lg too =2 Qa-lg tas r—2/3 Q_OJ'ZS (B28)

t31 1.72/3 Qa-lg t32 1.74/3 Qa-lg t33 Qfa-lg
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taatiz _ ¢ tag itz _

o l91113 = l23, =~ 3y e

t21’

Qa-ll t12 1.4/3 Qfa-lg t13 x2/3 Qa-ll
to1 223 QYN 1y a? QT ty32¥/3 Qh (B.29)
t31 1.4/3 Qfa-lg t32 1.2/3 t33 x? Qfa-lg
o t1al31 = 32, tsfgt;l = ta1, t3t23l;13 = 12,
Q*a'll t12 x72/3 Q*a'll t13 1.74/3 Qa-lg
to1 .%'74/3 Qa-b to9 1‘72 Qa-b tos 1‘72/3 . (B.30)
t31 x72/3 Q*a'll t32 x74/3 Q*a'll t33 x72 Qa-lg

It is not difficult to check the invertibility for these matrices. Consider an infinite-
dimensional matrix A of the general type under consideration:

an(a)ég a12(a)5§_0“ alg(a)5g+a°
.A = agl(a)ég’Lal agg(a)ég agg(a)ég_‘m
a1 ()35 azz(a)dn*? ass(a)dn

this is invertible if and only if, for every «,

an(a) [agg(a + 041)(133(04 + a1 + 042) — a23(a + 041)6132(04 + a1 + 042)]
—aia(a) [ag1 (o + ar)azz(a + a1 + az) — agz(a + ar)azi (o + a1 + az)]

+asi (@) [ao (o + a1)age(a + a1 + ag) — ag(a + ag)ag (o + a1 + ag)] # 0.

This is similar to the determinant condition for a finite dimensional matrix, but note the
shifts in the arguments of the elements. Using this condition, it is easy to demonstrate
that only the first two solutions listed above are invertible.

The full family of solutions of which (B:23) is the ‘minimal’ example is given by

o iy 113 Qal'b = to3, t3t2215221 Qa2-l3 = ta1, t3t231;13 Qag-lz = t1o,
Qa-ll 55 t1o Qa-ig $4/3 55*041 t3 x2/3 Q—a.(lg-i-[g) 5g+a0
tor 2?/3 Qo (lstls) giten t22 Q"2 67 to3 Q11 24/3 5070
t31 Qafg $4/3 5g—040 t32 $2/3 Q—a-(ll+i1) 5§+Oé2 t33 Qa~13 5§
(B.31)
where ip = (1hp oq + Ny ) are vectors lying in the weight lattice, such that
aq - il = Q9 lAg, a9 - ig = Qp Zl, Qg - Zg = Q1 ig. (B.32)

It should be noticed that the extra dependence of « in the off-diagonal entries of the
matrix (B.31]) as compared with corresponding elements in (B.23) does not affect the

constraints coming from groups 4 and 5 (dealing with the o dependence), due to (B.39).
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Setting I} = I = I3 = 0, the solution (B:23) is recovered. It is in this sense that (B23) is
considered a ‘minimal’ solution.

Finally, it should be pointed out that each solution found can be multiplied by an
overall function of # that cannot be determined by the triangle equations alone.

In addition to all the above solutions, there are others that allow some entries of the
T matrix to be set equal to zero. Suppose K =1 =W =0, 0or J =L =V =0, then the
previous analysis has to be modified. In this situation, the relations in group 2 state that

the following ratios
Ao g ba
b’ c
are independent of rapidity. Concerning group 3, because of the presence of T matrix
elements equal to zero, not all constraints listed in (B.§)-(B.13) survive. However, the ones
which do are unmodified. Equations in group 4 force relations (B.15) to hold, as before.

In addition, if K =1 =W =0, they imply the ratios
a—axQ/g, b—a:cQ/g, c,—axz/?’, (B.33)
lo Vo Ja

are independent of rapidity, and only one combination of relations in the subgroups
3A,3B,3C is allowed, namely

aa—l—al 1 aa—i—ao ba+a1 _ boz-i—ozo _ 1 ca—i—ao _ 1 ca—i—ag _
- = —:q7 —_q7 T T T - T T —_q7
Ao q Ao ba ba q Ca q Ca

with
hy(ar)  Mar)  hy(az)

= = =1
hj(ao) — hjlaz)  li(ao)
On the other hand, if J = L =V = 0, the ratios
o p-2/3 b—ax*w?’, o y=2/3 (B.34)

i ’ We ka ’

are independent of rapidity and only the following combinations of relations in the sub-
groups 34,3B,3C" are permitted, namely

Gator _ - Oatag _ 1 batey _ 1 bavay 0 Catap _  Catay _ 1
o an  q b ¢ b Co Ca  q
with
hw(a1) _ hiler) _ hi(ao) _
hk(ao) hk(ag) hw(az) '
Finally, the relations in group 5 disappear completely.
The two ‘minimal’ solutions of this type are
Qa-h 55 0 t13 .%'2/3 554—040
to1 .%'2/3 5£+O‘1 too Qa'lQ 55 0 (B.35)
0 tao 223 85107 35 Q18 5
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and
QU §h b3 0
0 too Q2 68 togx2/3 55 (B.36)
tar x=2/3 507 0 ts3 Q™18 0F
and these are of relevance to the defect for the reasons explained earlier.

For these types of solution there are also general families. For example, (|B.36) belongs
to the following set

Qa-ll (55 0 ts x2/3 Q—a“ig 6g+ao
b 223 QT 60T 1y Q2 5] 0 (B.37)
0 tap 22/ Q= vl gt t33 Qs 01

where the vectors [, satisfy (B-39).
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